We describe quasi-Hopf twist deformations of flat closed string compactifications with non-geometric Rflux using a suitable cochain twist, and construct nonassociative deformations of fields and differential calculus. We report on our new findings in using this formalism to construct perturbative nonassociative field theories on these backgrounds. We describe the modifications to the usual classification of Feynman diagrams into planar and non-planar graphs. The example of ϕ 4 theory is studied in detail and the one-loop contributions to the two-point function are calculated. Theory and Gravity, Corfu, Greece, September 8-15, 2013. Non-geometric backgrounds arise as consistent string vacua in p-form flux compactifications via Tduality transformations. Consider the standard example of closed strings propagating in a three-torus endowed with non-vanishing constant 3-form flux H = dB. Employing T-duality along all three directions takes H to its T-dual 3-vector flux R and results in a purely non-geometric background where transition functions between patches cannot even be defined locally [6] . This "R-space" exhibits an intriguing nonassociative deformation of geometry which is consistent with the original nonassociative deformations of spacetime discovered in [3] , where standard conformal field theory approaches were used to study closed strings propagating in a constant H-flux background; we refer to the lecture notes [2] of these proceedings for further details of these approaches and for a more exhaustive list of references.
Non-geometric backgrounds arise as consistent string vacua in p-form flux compactifications via Tduality transformations. Consider the standard example of closed strings propagating in a three-torus endowed with non-vanishing constant 3-form flux H = dB. Employing T-duality along all three directions takes H to its T-dual 3-vector flux R and results in a purely non-geometric background where transition functions between patches cannot even be defined locally [6] . This "R-space" exhibits an intriguing nonassociative deformation of geometry which is consistent with the original nonassociative deformations of spacetime discovered in [3] , where standard conformal field theory approaches were used to study closed strings propagating in a constant H-flux background; we refer to the lecture notes [2] of these proceedings for further details of these approaches and for a more exhaustive list of references.
A geometrization of R-space is provided by the phase space of its T-dual background. This geometry is induced by regarding the fundamental degrees of freedom in the non-geometric background as membranes in a Courant σ-model whose boundary dynamics are described by a closed string quasi-Poisson σ-model with target space the cotangent bundle of the original membrane spacetime, which can be quantized using Kontsevich's deformation quantization [8] . This yields a nonassociative star product of fields on R-space that reproduces the nonassociative geometry discovered in [3, 6] , and leads to Seiberg-Witten maps which untwist the nonassociative product to a family of associative noncommutative star products; we refer to the lectures of P. Schupp from these proceedings for further details of this approach. It is also equivalent to a strict deformation quantization approach that is based on integrating a pertinent Lie 2-algebra to a Lie 2-group, which leads to the formulation of the nonassociative star products discussed by D. Lüst in these proceedings.
These deformations can also be acquired by twisting the Hopf algebra of symmetries of R-space to a quasi-Hopf algebra using a suitable cochain twist [9] ; see also [10] for a review and for further references. The advantage of this technique is that it is algorithmic in the sense that once a twist has been found, it can be used to deform all geometric structures on R-space. In this contribution we will briefly review the results of [9] , and then use them to report on our new advances in formulating nonassociative perturbative dynamics of scalar field theories on R-space.
The general algebraic framework can be summarized as follows. Recall that a quasi-Hopf algebra (H, φ) is a weakening of the notion of Hopf algebra in which the coproduct of H is coassociative only up to a 3-cocycle φ ∈ H ⊗ H ⊗ H, called the associator. In particular, one can regard a Hopf algebra H as a quasi-Hopf algebra with trivial associator φ = 1 H ⊗ 1 H ⊗ 1 H , and then use an invertible counital 2-cochain F ∈ H ⊗ H to twist it into a quasi-Hopf algebra (H F , φ F ); the requirement φ F := ∂ * F = 1 H ⊗ 1 H ⊗ 1 H is precisely the condition for F to be a 2-cocycle (or Drinfel'd twist). This cochain twisting yields nonassociative deformations of H-module algebras A by requiring that the action of the twisted Hopf algebra H F on A is covariant, i.e. that it preserves the binary product on the algebra A (see e.g. [7] ).
The binary product is deformed in this way to a nonassociative star product ⋆ which yields a quantization of A. This is exactly the strategy that we follow in [9] to obtain nonassociative deformations of the geometry of R-space.
For this, consider a d-dimensional manifold M with trivial cotangent bundle M := T * M whose coordinates are
Translations on M are realised by the action of an abelian Lie algebra h = R d ⊕ (R d ) * of dimension 2d on the algebra of smooth complex functions C ∞ (M). The (left) action of the generators P i andP i of h is denoted by ⊲ and is given on f ∈ C ∞ (M) by the vector fields
The presence of the R-flux enhances the symmetries of M and thus h is enlarged to the non-abelian nilpotent Lie algebra g of dimension
From (1) it is seen that M ij generate non-local coordinate transformations that mix positions with momenta and are known as Bopp shifts; here they are the algebraic analogs of T-duality transformations, in the sense that it is precisely this mixing of coordinates and momenta that makes R-space non-geometric. The pertinent Hopf algebra H is constructed by equiping the universal enveloping algebra U (g) with the standard coalgebra structure. It can also be regarded as a quasi-Hopf algebra with trivial associator φ = 1 H ⊗ 1 H ⊗ 1 H . Then the unique non-abelian twist F ∈ H ⊗ H that can be constructed from this data is given by
This twist element is an invertible counital 2-cochain, and thus it defines a quasi-Hopf algebra (H F , φ F ) with twisted associator φ F ∈ H ⊗ H ⊗ H given by
where
With this data at hand, any left H-module algebra A can be deformed using the star product
for a, b ∈ A. For the algebra of functions on M, by setting A = C ∞ (M) with pointwise multiplication, the star product calculated from (4) is given by
This is a nonassociative star product which yields a nonassociative deformation quantization of the algebra of functions on M; nonassociativity here is quantified by the action of the associator (3) on the triple phase space star product as
and it arises only along the coordinate directions M . The star product (5) was originally derived in [8] using Kontsevich's deformation quantization; it is the simplest nonassociative variant of the Moyal product. Consider now the exterior algebra Ω • (M) of smooth complex differential forms on M. Its quantization is obtained in the same way once a suitable H-module structure is identified. The action of H on Ω
• (M) is determined by finding the action on 1-forms and then extending it to all forms in Ω
• (M) as an algebra homomorphism using the Leibnitz rule for the exterior product. For this, we require that the exterior derivative d is equivariant under the action of H in the sense that d(h ⊲ ω) = h ⊲ (dω) for all ω ∈ Ω
• (M) and h ∈ H. Then the action of H on Ω
• (M) is given by the Lie derivative L h along an element h ∈ H, and in particular acting on the generating 1-forms it gives M ij ⊲ dx k := L Mij (dx k ) = δ j k dp i − δ i k dp j , while all other generators dx I are invariant under the action of H. The deformation quantization of Ω • (M) is then given by setting A = Ω
• (M) with the exterior product, and using (4) to define the deformed exterior product by the formula
The exterior derivative d is still a derivation for the deformed exterior product, and this defines the nonassociative differential calculus on R-space.
In this contribution we wish to apply this machinery to formulate and study field theory on nonassociative R-space. In order to set up a Lagrangian formalism, we need a suitable definition of integration on the subalgebra S(M) ⊂ C ∞ (M) of Schwartz functions on M with the deformed product ⋆. For this, we observe that the nonassociative star product (5) satisfies f ⋆ g = f g + (total derivatives), so that the usual integral on M satisfies the 2-cyclicity condition
for all f, g ∈ S(M), i.e. it exhibits the correct classical behaviour and can thus be used on the deformed algebra of functions. Similarly, the star product of three fields satisfies the 3-cyclicity condition
in harmony with the expectations that on-shell conformal field theory correlation functions should see no traces of nonassociativity [2, 10] . Analogous graded cyclicity conditions also hold for differential forms on M of arbitrary degree [9] . However, since a bracketing has to be specified for the nonassociative star product of n > 3 fields, the 2-cyclicity condition does not imply the usual cyclicity property of associative star products. But with the use of 3-cyclicity, together with the pentagon relations for the associator φ F , a classification of the equivalent integrated bracketed expressions can be carried out, and one finds that the different ways of bracketing an integrated n-fold product of fields are organised into C n−2 classes, one for each different bracketing where exactly one field sits outside of the brackets; here C n = (2n)! n! (n+1)! are the Catalan numbers. These classes are related to one another by cyclic permutations, and every class of an integrated n-fold product of fields is mapped to another one by a cyclic permutation of the fields.
These observations become particularly important when we study nonassociative field theories on constant R-flux backgrounds; here we focus on scalar field theories. The action functional of a free Euclidean scalar field ϕ ∈ S(M) of mass m on R-space is given by
Using 2-cyclicity the star products go away and S 0 becomes the standard free scalar field theory action on M. This implies that the bare propagator is not affected by the nonassociative deformation, and thus similarly to the usual noncommutative field theories we have to consider interactions in order to probe nonassociative effects (see e.g. [12] ). When introducing interactions the nonassociativity of the star product forces us to include all different bracketings of the product of n fields in the action. However, due to the classification above we keep only one representative term from each class. For a single scalar field it follows from (8) and (9) that some of the classes are equivalent, while for n = 3, 4, 5 all different bracketings of the interaction term can be shown to be equal. This means that the ϕ 3 , ϕ 4 and ϕ 5 theories are associative at tree level and thus one should study loop corrections in order to detect nonassociativity.
The first encounter of nonassociativity at tree level is for the ϕ 6 theory where four inequivalent interactions appear [5] .
Nonassociative interactions turn out to be rather tricky to deal with as they feature novelties that are not present in their associative counterparts. Since the geometrization of R-space is a phase space, Fourier modes for both configuration and momentum spaces have to be considered in the field expansions; we denote by the 2d-vector k I = (κ i , l i ) the Fourier momenta corresponding to the phase space coordinates
It is then straightforward to use the standard Fourier transform on each of the C n−2 interaction terms and calculate the vertex phase factor. For example, in the case of the equivalence class given by the interaction term
we can use 2-cyclicity (8), the star product (5) and the Baker-Campbell-Hausdorff formula to arrive at the phase factor
is the phase space deformation parameter matrix and
0 is the Jacobiator matrix. The first two terms of (12) are the familiar phase factor modification to the Feynman rules that appear in associative noncommutative ϕ n theories, while the last term is due to the nonassociative deformation.
An interesting feature of (12) is that it induces violation of momentum conservation at the vertex. This is due to the x I dependence of the deformation parameter and it is completely analogous to what occurs in the usual noncommutative field theories with spacetime varying noncommutativity parameter [11] . For this, we Fourier transform the fields in (11) and then perform the integral over M to obtain the momentum relations
where the first equation is the usual momentum conservation on configuration space while the second equation exhibits violation of momentum conservation along the noncommutative momentum space directions. An even more intriguing feature is the fact that the phase factor (12) is not invariant under cyclic permutations of the Fourier momenta. This is not obvious at first sight, but taking a cyclic permutation of the indices and using (13) reveals that the R-dependent block of the deformation parameter combines with l-momentum to violate cyclicity of the interaction. This novel feature is particular to nonassociative interactions and has drastic effects on the classification of Feynman diagrams.
For this, regard a connected Feynman diagram as an abstract connected graph G realised by its embedding in an orientable surface of genus h. The vertices of the graph represent spacetime points and the edges represent propagators. For commutative scalar field theories all vertices are indistinguishable and so are all edges, therefore edge crossings can always be avoided and all possible Feynman diagrams are given by planar graph embeddings, i.e. they can be drawn on a surface of genus h = 0. Counting all different ways that vertices and edges can be put together on a plane provides the number of topologically equivalent diagrams which enters as the symmetry factor of the graph in the perturbation series.
For the usual noncommutative deformations the interchange of two edges is no longer allowed and thus planarity cannot always be accomplished. Some symmetry remains though as the phase factor of the interaction is invariant under cyclic permutations of the edges. The Feynman diagrams are then classified by the minimal genus of the surfaces in which they are embedded; in fact, it is the cyclicity of the phase factor which guarantees that every way of embedding a graph G into an orientable surface Σ h of genus h is equivalent.
For nonassociative scalar field theories the vertex interaction is no longer cyclic, which suggests that the different ways of embedding a graph into Σ h are no longer equivalent. This is supported by the rotational embedding scheme proposed by Edmonds [4] and discussed in detail by Youngs [13] . According to this theorem the 2-cell embedding of a graph G into Σ h is uniquely determined by a collection of cyclic permutations (σ 1 , . . . , σ v ) , where σ i is a counterclockwise cyclic permutation of the edges connected to the i-th vertex of G. The genus of the embedding surface Σ h is given by the set of vertices of G, E(G) is the set of edges and O(σ i ), i = 1, . . . , v is the set of orbits for the given v-tuple of cyclic permutations. This is of course the familiar Euler formula 2 − 2h = v − n + f for the embedding of a Feynman diagram with v vertices, n edges and f faces into an orientable surface of genus h. The minimal embedding of the graph is given by the rotation systems which provide the maximum number of orbits. Clearly if the interaction vertex is not cyclic, then all different rotational schemes that embed a graph into Σ h are potentially inequivalent. However, cyclic permutations are also maps between classes of integrated n-fold products of fields, i.e. between the edges connected to a vertex. We can use this residual symmetry to give a classification for the Feynman diagrams of nonassociative field theories: It is the standard noncommutative classification into planar and non-planar graphs where every Feynman diagram of genus h with v vertices and n legs is subdivided into v C n−2 inequivalent diagrams.
As an example, let us set n = 4 in (11) and (12) and study nonassociative ϕ 4 theory on flat R-space. There are C 2 = 2 classes of interaction terms which in this case are equal, but their phase factors are related by
, where σ ∈ S 4 is a cyclic permutation of the four indices. It follows that each phase factor is invariant under the composition of two cyclic permutations, so that each diagram is subdivided into 2v classes. This suggests that there are two different 2-cell embeddings for each vertex, i.e. the off-shell field theory has two types of vertices, and thus planar and non-planar diagrams will accordingly split into subclasses determined by which permutation is used to embed each vertex.
Let us now calculate the one-loop corrections to the two-point function in this model. In this case the contributions from the two subclasses are equal as the R-dependent term vanishes due to antisymmetry of R IJK . The planar part is given by
where k (2) , k (3) are the external momenta, λ is the loop momentum and the phase factor is given by (12) with n = 4. We now integrate over x and use Schwinger parameters to turn the amplitude into a Gaussian integral, which yields the familiar commutative result
where K n is the modified Bessel function of the second kind of order n and Λ is an ultraviolet cutoff which has been introduced to regularize the Schwinger integral. For the non-planar diagram it is convenient to postpone the integral over M as it gives a delta-function constraint which is singular and cannot be used to evaluate the remaining integrals. Instead we introduce a Schwinger parameter and integrate over the loop momentum which yields
In this expression the integral over configuration space M yields a delta-function while the momentum space integral is Gaussian.
Since A is singular, it has p ≥ 1 zero eigenvalues and d − p non-zero real eigenvalues ρ 1 , . . . , ρ d−p . Thus only d − p independent momentum space integrals are Gaussian while the rest yield delta-functions. With these manipulations we can integrate over x and p in (16); we then introduce an ultraviolet cutoff Λ and integrate over the Schwinger parameter s to obtain
where e 1 , . . . , e d are the eigenvectors of A, while the effective cutoff and mass are given by 
It is not surprising that the one-loop contribution (17) is qualitatively similar to the one calculated for ordinary noncommutative scalar field theory with non-constant deformation parameter; it even exhibits the usual UV/IR mixing pathologies [11] . In general, for n = 3, 4, 5 the nonassociative ϕ n theories are on-shell associative, and therefore the only nonassociative effects that they exhibit is in the subdivision of their vertices into C n−2 classes. Although this was not observed in our example, it can be seen in higher loops and even in the one-loop correction to the four-point function of the ϕ 4 theory. We close by remarking that, while a formulation of quantum mechanics in the phase space description of R-space is well-defined and meaningful [9] , the complete physical interpretation of quantum field theory on phase space is at the moment unclear. A statistical approach is taken in [1] where it was proposed that fields on phase space acquire a physical meaning via an association to Wigner functions, but an interpretation related to deformation theory is still lacking. As the phase space formalism naturally arises in the geometrization of R-space, it is tempting to think of this model along the lines of double field theory; it is then interesting to understand if there is some analog of the section condition reducing the phase space field theory to field theory on the original configuration manifold M . This work is supported in part by the Greek National Scholarship Foundation and the Consolidated Grant ST/J000310/1 from the UK Science and Technology Facilities Council.
